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We show that there is a class of spacetime curvature singularities which can be resolved with
metric and matter field transformations. As an example, we consider an anisotropic power-law
inflation model with gauge and scalar fields in which a space-like curvature singularity exists at
the beginning of time. First, we provide a transformation of the metric to the flat geometry. The
transformation is regular in the whole region of spacetime except for the singularity. In general,
matter fields are still singular after such a metric transformation. However, we explicitly show that
there is a case in which the singular behavior of the matter fields can be completely removed by a
field re-definition. Since the action is invariant under any metric and matter field transformations,
the regularity of the action at the original singularity is a necessary condition for the complete
removal of a singularity.
Introduction. A spacetime singularity is in general
defined as a boundary of spacetime where spacetime cur-
vatures are divergent. In the vicinity of a spacetime
singularity, all the known fundamental laws of physics
lose their predictabilities and become useless. It would
be natural to expect that a resolution of the spacetime
singularity would be completed by a more fundamental
theory, such as a quantum theory of gravity. Thus, a
spacetime singularity can be a testing site for new ideas
in the frontier of the theoretical physics.
Our aim in this paper is not to propose a way to re-
solve a spacetime singularity with a new fundamental
theory, but just to point out a possible different aspect
for a class of spacetime singularities. The key idea is
the use of metric transformations, namely conformal and
disformal metric transformations [1]. Recently, transfor-
mations of a theory of gravity with a scalar field under
disformal and/or conformal metric transformations have
been extensively investigated [2–12] and those with a vec-
tor field [13–17]. It is known that, as long as a metric
transformation is regular and invertible, the nature of the
theory, such as the number of degrees of freedom, will be
preserved. Let us consider a solution of a set of spacetime
and matter fields in a particular theory in which a sin-
gularity exists. By performing a metric transformation
which is regular, we obtain an equivalent theory of grav-
ity with matter fields. If the transformation is singular
at the singularity, the resultant structure of the space-
time may be altered. Actually, we will show below that
there is a case in which the spacetime singularity can be
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eliminated by conformal and disformal metric transfor-
mations while the transformations are not regular at the
spacetime singularity.
We note that a conformal (disformal) metric transfor-
mation considered in this paper is not completely arbi-
trary but must be described by a matter field involved
in the original theory so that one can obtain an equiv-
alent theory, except at the spacetime singularity, after
a conformal (disformal) transformation. For instance, a
singularity of the Schwarzschild solution cannot be elim-
inated by our procedure since it is a vacuum solution
without matter field. In this paper, we will particularly
focus on a class of cosmological solutions where a space-
like singularity exists.
This paper is organized as follows. We introduce
a specific example, an anisotropic power-law inflation
model which has a space-like cosmological singularity.
We demonstrate that the metric of the anisotropic power-
law inflation model can be transformed into the flat met-
ric with a combination of conformal and disformal metric
transformations. However, it is found that the matter
fields remain singular. Then focusing on the homoge-
neous and isotropic case, we argue that the regularity of
the action is essential, and discuss a complete removal
of the singularity in the case when the action is regular.
Finally, summary and discussion are presented.
Anisotropic universe model. We first discuss the im-
pact of a metric transformation on a spacetime singular-
ity. To make discussion concrete, we invoke an explicit
model dubbed the anisotropic power-law inflation [18].
Hereafter, we adopt the Planck units 8piG =M2pl = 1.
Let us consider a U(1) gauge field coupled with the
Einstein gravity and a scalar field whose action is given
2by
S =
∫
d4x
√−g
[
1
2
R − 1
2
(∇φ)2 − V (φ)− 1
4
f2(φ)F 2µν
]
,
(1)
where V and f represent a potential of the scalar field
and a coupling function between the scalar and vector
fields, respectively. The explicit form of those functions
reads
V (φ) = V0 exp(λφ) , f(φ) = f0 exp(ρ φ) . (2)
Here, we are interested in a homogeneous but anisotropic
background spacetime and hence the vector field will be
assumed to be homogeneous. We fix the U(1) gauge by
setting A0 = 0. The spatial direction of the vector field
can be identified with the x−direction. Thus, we assume
the vector potential in the form,
Aµ =
(
0, A(t), 0, 0
)
. (3)
As for spacetime, we assume the Bianchi type-I metric,
ds2 = −dt2 + t2α
[
t−4βdx2 + t2β(dy2 + dz2)
]
, (4)
where we have assumed the rotational symmetry on the
y–z plane and the power-law expansion in each spatial
direction.
From the matter and gravitational field equations, it
is not difficult to find a particular solution(see Ref. [18]
for a complete expression):
φ(t) = − 2
λ
log t , (5)
A(t) = t−1+3α , (6)
α =
4
3λ(λ+ 2ρ)
+
ρ
λ
+
1
6
, (7)
β =
1
3
− 4
3λ(λ+ 2ρ)
, (8)
with a particular choice of f20 and V0, which is given in
terms of λ and ρ, respectively, as
f20 = −
[
λ(λ+ 2ρ)− 4][(λ− 6ρ)(λ+ 2ρ)− 8]
2λ2(λ+ 2ρ)2
, (9)
V0 = −
[
ρ(λ+ 2ρ) + 2
][
(λ− 6ρ)(λ+ 2ρ)− 8]
2λ2(λ + 2ρ)2
. (10)
Hereafter we regard α and β as independent parameters
which characterize the solutions.
It is important to know that there is a curvature sin-
gularity at the origin of the time. It can be checked
by looking at, for example, the Kretchmann invariant
scalar IR := RµνρσR
µνρσ and the Weyl scalar IW :=
WµνρσW
µνρσ where Rµνρσ and Wµνρσ are the Riemann
and Weyl curvature tensors. With the above metric, the
explicit form of these invariants are given by
IR =
12
t4
[
(2α2 − 2α+ 1)α2 + 2(6α2 − 6α+ 1)β2
− 4(α− 1)β3 + 9β4
]
, (11)
IW =
12
t4
(1− α+ 2β)2β2 . (12)
It is apparent that these two quantities are divergent at
t = 0 without the fine-tuning of α and β, in general,
which implies the existence of a space-like singularity at
t = 0.
Metric transformation to a flat metric. Next, we
show that a homogeneous and anisotropic spacetime can
be transformed into a flat spacetime with the use of con-
formal and disformal metric transformations.
As we have seen in Eq. (3), in the anisotropic universe
model, we have
Aµdx
µ = Ax(t) dx = A(t) dx . (13)
We can rewrite the metric by introducing the vector field:
ds2 = −dt2 + t2α
[
t−4βdx2 + t2β(dy2 + dz2)
]
= −dt2 + t2(α+β)(dx2 + dy2 + dz2)
+
[
t2(α−2β) − t2(α+β)]dx2 (14)
= (γ τ)2(α+β)/γ
[
−dτ2 + dx2 + dy2 + dz2
+
[
(γ τ)−6β/γ − 1](Aµdxµ
A(τ)
)2]
. (15)
Here, we have introduced the conformal time in the last
line by dτ = t−(α+β)dt and hence τ = γ−1tγ with γ =
1 − α − β. Since all the quantities can be expressed in
terms of τ(t) in the current set-up, we can also regard
them as functions of the contraction of the vector field Y
defined by
Y ≡ AµAµ = gxxA2x = t−2+4(α+β) . (16)
It is not difficult to re-express (15) as
ds2 = Ω2(Y )
[
ηµν + Γ(Y )AµAν
]
dxµdxν , (17)
where
Ω(Y ) = (γ τ)(α+β)/γ = Y (α+β)δ , (18)
Γ(Y ) =
(γ τ)−6β/γ − 1
A(τ)2
= Y 2(−1+3α)δ
[
Y −6βδ − 1] . (19)
Here we have used the fact that
t = (γ τ)1/γ = Y δ , δ ≡ 1−2 + 4(α+ β) . (20)
3Now it is trivial to see that the metric can be converted to
the flat one by conformal and disformal metric transfor-
mations with the conformal and disformal factors given
by Eqs. (18) and (19).
It should be noted that the effective stress-energy ten-
sor described by the scalar and gauge fields in the resul-
tant theory should also vanish since the Einstein tensor
trivially vanishes in the Minkowski spacetime. Thus, the
scalar and gauge fields are stealth fields and do not con-
tribute to the effective energy momentum tensor even
though the field values are divergent at the singularity.
In other words, we hide the spacetime singularity behind
the singular stealth matter fields. 1 Because of the sin-
gular behavior of the matter fields, the theory will be still
not well-defined at the singularity in general. Clearly, in
order to accomplish a complete removal of the singularity,
further consideration will be needed.
Regularity of the action and matter fields.
Here we show that there is a class of singularities which
can be totally resolved and the resultant theory after the
transformation is completely well-defined even beyond
the point corresponding to the original singularity. For
simplicity, we focus on the spatially homogeneous and
isotropic case.
As we saw, there is a space-like singularity at t = 0 in
the solution discussed in the previous section. While we
successfully removed the spacetime singularity, the mat-
ter fields remained singular in general. At this point, it is
important to consider the regularity of the action. Since
the action is invariant under any transformation of the
field variables including the metric, it would be impos-
sible to find any transformation that could regularize a
singularity if the action were singular. Conversely, if the
action is regular, we may be able to find a set of conformal
and disformal transformations that completely remove
the singularity in the matter fields as well as the metric.
Therefore, below we focus on the case when the regularity
of the action is guaranteed, and look for transformations
that make the metric and matter fields regular.
Under the assumptions of the spatial homogeneity and
isotropy, we have
A = β = f0 = 0 , (21)
λ2 =
2
α
, (22)
V0 = α(−1 + 3α) . (23)
The action in Eq (1) reads
S =
∫
dt d3x t3α
[
3
t2
(2α2 − α) + 1
2
φ˙2 − V0eλφ
]
=
∫
dτ d3x t2(2α−1)α (−1 + 3α) . (24)
1 One can show that the time-like singularity in the Reissner-
Nordstro¨m spacetime can be also hidden by a similar transfor-
mation to Eq. (15).
It is clear that the action is singular at the singularity
(t = τ = 0) if 2α − 1 < 0. To make the action regular,
we consider a specific case of α = 1/2.
Because of the assumption of spatial isotropy, the
gauge field vanishes and hence is trivially regular. How-
ever, the scalar field remains singular at the singularity,
φ = − 2
λ
log t = − 2
λγ
log(γτ) = −2 log(τ/2) , (25)
where we have used the fact that λ = 2 and γ = 1/2 for
α = 1/2 and β = 0. Hence, the Lagrangian of the scalar
field is singular, φ˙2 ∝ t−2 ∝ τ−4. Fortunately, however,
the metric determinant factor gives
√−g ∝ t4α = t2 ∝
τ4. Thus the Lagrangian density is regular. This implies
if we perform a conformal transformation to make the
metric flat, we will obtain a regular Lagrangian.
Denoting the metric in the original frame by g˜µν , we
perform the conformal transformation,
g˜µν = Ω
2gµν , Ω
2 = e−φ . (26)
Then the action (1) reduces to
S =
∫
d4x
√−g
[
1
2
Ω2R− 3ΩΩ− 2(∇Ω)2 − V0
]
, (27)
where the conformal factor Ω itself may be regarded as a
redefinition of the scalar field φ. The gravitational field
equation is now given by
1
2
Ω2Gµν = Ω∇µ∇νΩ− 1
2
[
2ΩΩ+ (∇Ω)2 + V0
]
gµν ,
(28)
while the scalar field equation reads
Ω− 1
2
RΩ = 0 . (29)
Let us assume that the Minkowski spacetime is a solu-
tion to (28). Then (29) reduces to
d2
dτ2
Ω = 0 , (30)
and the solution is
Ω = Ωi +Ω
′
i(τ − τi) , (31)
where Ωi = Ω(τi) and Ω
′
i = dΩ/dτ(τi). It should be
noted that, for the solution (25),
Ω = e−φ/2 =
τ
2
. (32)
Thus we find
Ω′i =
1
2
, Ωi =
τi
2
. (33)
Now turning to the field equation (28), it demands
(∇Ω)2 + V0 = −1
4
+ V0 = 0 . (34)
4We see that this is consistent with Eq. (23) with α = 1/2.
Thus we find that the Minkowski spacetime is indeed a
solution to the action (27), with the scalar field solution
given by Eq. (29). Specifically the action reads
S =
∫
dτ d3x
[
2
(
dΩ
dτ
)2
− V0
]
=
1
4
∫
dτ d3x . (35)
In conclusion, in the case of α = 1/2, we have obtained
a manifestly regular solution that completely removes the
cosmological singularity in the original frame at τ = 0,
and the solution can be straightforwardly extended to
τ < 0.
Summary and Discussion. In this paper, we have
discussed a possible way to resolve a spacetime singular-
ity by transformations of the metric and matter fields.
First, we have shown that a certain class of spacetime
singularities can be hidden by performing appropriate
conformal and disformal metric transformations that are
determined by the matter fields involved in the original
theory. As an explicit example, we have considered the
case of a homogeneously but anisotropically expanding
universe with a space-like initial singularity, and obtained
a set of conformal and disformal metric transformations
that make the metric flat. Although not presented in
this paper, it is not difficult to show that the time-like
singularity in the Reissner-Nordstro¨m spacetime can be
also hidden by a similar transformation.
The matter fields and associated transformations are
singular at the original spacetime singularity, and there-
fore they are also singular at the corresponding points in
the resultant Minkowski spacetime. However, as is triv-
ially realized from the flat geometry, the matter fields do
not contribute to the effective energy momentum tensor
since the Einstein tensor identically vanishes. Namely,
the spacetime singularity is hidden in the singular stealth
fields in the resultant theory. Then we have shown that
for a class of singularities for which the action is regu-
lar, the singularity associated with the singular stealth
field can be completely eliminated by performing a mat-
ter field redefinition.
There are, however, still some open questions, and the
significance of our approach is not yet clear. For instance,
since we have considered only highly symmetric back-
ground solutions, we do not know if perturbations around
this background remain regular or not. Another issue is
the change of the spacetime causality through the metric
transformation. Even though the resultant theory after
the transformation is equivalent to the original one ex-
cept for the singularity, interpretations of physical laws
in the new theory should be significantly different from
the original one especially from the point of spacetime
causality. We should also mention that our approach is
apparently not applicable to all types of spacetime singu-
larities. Therefore the classification of singularities along
with similar directions to our work may be a not only
necessary but also interesting issue.
Despite these issues, our approach to hide/resolve
spacetime singularities may reveal new interesting in-
sights into spacetime singularities, and it could give a
hint to overcome singularities in a class of gravitational
theories without invoking a theory of quantum gravity.
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